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ABSTRACT: Considerable interest has been devoted to the development of various classes of
acoustic metamaterials that can control the propagation of acoustical wave energy through
these materials. However, all the currently exerted efforts are focused on studying passive
metamaterials with fixed material properties. In this article, the emphasis is placed on the
development of a new class of composite acoustic metamaterials with effective bulk moduli
that are programmed to vary according to any prescribed pattern along the volume of the
metamaterial. The composite consists of an acoustic cavity, which is coupled with an array of
actively controlled Helmholtz resonator to enable the control of the effective bulk modulus
distribution along the cavity. The theoretical analysis of this class of multi-cell composite
active acoustic metamaterials (CAAMM) is presented and the theoretical predictions are
determined when the Helmholtz resonators are provided with piezoelectric boundaries.
These smart boundaries are used to control the overall bulk modulus of the cavity/resonator
assembly through direct acoustic pressure feedback. The interaction between the neighboring
cells of the composite metamaterial is modeled using a lumped-parameter approach.
Numerical examples are presented to demonstrate the performance characteristics of the
proposed CAAMM and its potential for generating prescribed spatial and spectral patterns
of bulk modulus variation.

Key Words: active acoustic metamaterials, effective bulk modulus, multi-cell composite meta-
materials, Helmholtz resonators with piezoelectric boundaries.

NOMENCLATURE

A Cross-sectional area of cavity
AH Cross-sectional area of Helmholtz resonator

cavity
a Cross-sectional area of Helmholtz resonator

neck
Be Effective bulk modulus of the acoustic cavity
Bf Bulk modulus of the fluid in the cavity
Br Relative bulk modulus of the acoustic cavity
CF Acoustic compliance of the acoustic cavity
CD Open-loop compliance of the piezo-diaphragm

CDC Closed-loop compliance of piezo-diaphragm
CH Acoustic compliance of the Helmholtz

resonator
CP Capacitance connected in series with the

piezo-diaphragm
cf Speed of sound sonic in the fluid domain
cp Speed of sound in the piezoelectric diaphragm
D Electrical displacement
dA Effective piezoelectric coefficient

E Electrical field
G Feedback gain

KD Stiffness of the flexible diaphragm
KDC Closed-loop stiffness of the piezoelectric

diaphragm
LD Dynamic mass of diaphragm
LF Electric-acoustical inductance of cavity
LP Inductor connected in parallel with piezoelectric

diaphragm
l Length of Helmholtz resonator neck

lH Length of Helmholtz resonator cavity
lp Thickness of flexible diaphragm in the

Helmholtz resonator
p Fluid pressure in the time domain
P Fluid pressure in the Laplace domain

�p Pressure drop along cavity
�pP Pressure across piezo-diaphragm

Q Volumetric flow rate
q Electrical charge
S Strain
sE Piezoelectric compliance
s Laplace complex number
T Mechanical stress

VP Piezoelectric voltage
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Greek Symbols

e Permittivity
qf Density of the fluid inside the cavity

qD Density of the flexible diaphragm
� Electrical to acoustic domain transformer turn

ratio
x Frequency

Subscripts

f Fluid domain
e Effective
p Piezoelectric
D Flexible diaphragm

CD Closed loop
H Helmholtz part specific

INTRODUCTION

E
XTENSIVE research is currently focusing on the mod-
eling and development of metamaterials with spe-

cific optical, electromagnetic, and acoustical properties,
which are unachievable using natural materials. All
these efforts aim at controlling the behavior of various
wave types (electromagnetic and acoustic) to achieve
perfect wave cloaking, improved ultrasonic imaging, or
perfect lenses (Lapine, 2007; Shamonina and Solymar,
2007; Gil et al., 2008).
All the attempts to control the wave propagation

behavior are focused on effectively managing the density
q and/or the bulk modulus B of the medium. Two dif-
ferent approaches exist for synthesizing materials with
bulk’s moduli that are not available in nature. The first
approach focuses on combining two different isotropic
materials in a composite form to yield anisotropic prop-
erties that can influence the spatial wave propagation
patterns. Examples of this approach include the
attempts to produce single or double negative acoustic
metamaterials whereby either q, B, or both assume neg-
ative values (Jensen and Chan, 2004; Mei et al., 2006;
Chan et al., 2006; Ding et al., 2007; Huang et al., 2009).
In the second approach, acoustic impedance mismatch is
introduced along the path of wave propagation by inte-
grating flexible sections into the rigid-walled ducts in
order to vary the speed of sound and effective bulk
modulus at these sections (Choi and Kim, 2002; Chiu
et al., 2006).
Due to the coupling nature of the density and the bulk

modulus, which directly affect the speed of sound in any
continuous domain, various attempts to develop com-
posite materials with homogenized properties always
had an impact on both the density and the bulk modulus
simultaneously. Attempts to introduce, for example the
perfect lens (Pendry, 2000; Shen and Platzman, 2002;
Merlin 2004) were focused on modeling the behavior of
optical waves passing through a parallel-sided slab of
material with negative refractive index. This has shown

to produce remarkable results, due to double focusing
effect (when properly selecting the slab dimensions) and
the impedance match with the surrounding environment
resulting in no reflections at the boundaries. Refractive
index in optical or electromagnetic waves is analogous to
the speed of sound in acoustics. Cummer and Shurig
(2007) and Cummer et al. (2008a,b), have used this anal-
ogy between the electromagnetic and acoustic waves to
theoretically design a material with specific density and
bulk modulus distribution in order to realize an acoustic
cloak. Sonic crystals, for example, which are composed of
solid sound scatterers arranged in specific patterns and
immersed in a fluid domain are an example of a compos-
ite material that has fixed effective density and bulk mod-
ulus (Torrent et al., 2006; Torrent and Sanchez-Dehesa,
2007, 2008). In their scope of investigation, the sonic
crystals used, behave as effective homogeneous acoustic
metamaterials whose parameters (bulk modulus B and
dynamical mass density q) are mainly determined by
the fraction of volume occupied by the scatterers and
their refractive properties (Cervera et al., 2001; Krokhin
et al., 2003; Torrent et al., 2007). However, the obtained
effective parameters are highly dependent on the acoustic
frequency range, and can be tailored for small frequency
band based on the passive arrangement of the sonic crys-
tals. In an attempt to physically realize this phenomenon,
Farahat et al. (2008), have attempted to use a set of sonic
crystals to yield anisotropic acoustic properties in water
subject to low frequency surface waves. Their design was
tailored to specific frequency and failed outside this very
narrow band.

Using rigid-walled acoustic ducts with partial flexible
panels on the other hand was investigated by several
researchers targeting effective passive noise control tech-
niques. This was achieved in 1D continuous domains by
varying the stiffness of the waveguide through which the
propagation takes place at certain locations, yielding
added acoustic impedance that affects the overall prop-
agation pattern inside the wave guide. For example, in
1999, Huang developed a theoretical analysis of a 1D
rigid duct with partial flush-mounted flexible panels in
an attempt to passively control the noise inside the duct.
It was found that for a plane sound wave traveling in the
flexible segment, the wall compliance renders a wave
speed less than the speed of sound in air. For panels
with substantial structural damping, both flexural and
sound waves diminish with distance, eliminating the
acoustic pass bands noticed with rigid walled duct.
Huang et al. (2000) have also studied experimentally
the sound propagation in 1D rigid ducts with partially
flexible walls to investigate the coupling nature between
the fluid domain and the flexible parts of the duct. He
also investigated the effect of the compliance of flexible
membranes covering parts of the rigid duct on the trans-
mission loss. In 2002, Huang also conducted a modal
analysis of a drum-like silencer. Similar analysis was
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conducted by Choi and Kim (2002), where they showed
that supersonic fluid-dominant waves and subsonic
membrane-dominant waves exist and that the latter pro-
vides powerful mechanism of transmission loss through
the membrane damping and destructive reflections at the
edges of the membrane maintaining a uniform
cross-sectional area. In 2006, Chiu et al. studied the
effect of magnetic forces on a drum-like silencer in pres-
surized cavities. In all these attempts, the researchers
were interested in imposing additional impedance on
the acoustic domain in order to improve the transmis-
sion loss inside an acoustic duct, very similar to the
effect of Helmholtz resonators. The impedance mis-
match zones were either tuned at specific frequencies,
or controlled using various techniques. Such techniques
were mainly focusing on changing the volume of the
resonator, either by using mechanical, hydraulic or elec-
trical circuits (Izumi et al., 1991; von Flotow et al., 1994;
Esteve and Johnson, 2005). Fang et al. (2006) and later
Cheng et al. (2008) utilized arrays of Helmholtz resona-
tors to develop cavities with negative bulk moduli.
In all the above studies, the focus has been placed on

passive metamaterials with fixed material properties.
This limits considerably the potential of these materials.
In this article, the emphasis is placed on the development
of a new class of 1D composite acoustic metamaterials
with tunable effective bulk modulus, which can be tai-
lored to have increasing or decreasing variation along
the material volume. This is achieved by coupling an
acoustic cavity with an array of Helmholtz resonators
with flexible cavities rather than the standard rigid-cavity
design. Controlling the compliance of the resonator wall
affects significantly the coupling with the rest of the
acoustic cavity system yielding a domain with tunable
effective bulk modulus distribution.
This article is organized in to eight sections. In the first

section, a brief introduction is presented. In the section
‘Passive Helmholtz Resonator,’ analysis of passive
Helmholtz resonators and their equivalent electrical anal-
ogy and the corresponding effective bulk modulus when
coupled to an acoustic cavity are introduced. In the ‘Active
Helmholtz Resonator’ section, lumped-parameter model
for a cavity coupled to a Helmholtz resonator with flex-
ible piezoelectric diaphragm is outlined in order to moti-
vate the need for the active component to achieve a
programmable acoustic metamaterial. In the section
‘Programmable Effective Bulk Modulus,’ the analysis
for a programmable bulk modulus is presented. In the
‘Error Analysis’ section, error analysis for using long
wavelength assumption at higher frequencies and larger
cavity dimensions is provided. In the section ‘Multi-
cavities Coupled with Active Helmholtz Resonators,’
the equations for a composite active acoustic metamater-
ial consisting of coupled acoustic cavities are presented.
In the section ‘Stability for the Piezoelectric Diaphragm,’
the stability margins for the piezoelectric boundaries

are calculated. A brief summary of the conclusions and
the future work are outlined in the last section.

PASSIVE HELMHOLTZ RESONATOR

Adding Helmholtz resonators to acoustic cavities has
proven to be effective in minimizing the acoustic energy
and maximizing the transmission loss at certain narrow
band of frequencies, which coincides with the natural
frequency of the Helmholtz resonator. Coupling a
Helmholtz resonator to an acoustic cavity as shown in
Figure 1(a), results in a coupling mechanism between
both the cavity and the resonator that would yield an
effective bulk modulus for the combined system, which
can be evaluated using the electrical-acoustic analogy
circuit shown in Figure 2.

For proper modeling the main acoustic cavity is
divided into two equal sections with the resonator
coupled in between as shown in Figure 1(b).

The acoustic mass and stiffness in each cavity section
is represented by the inductor LF ¼ �fL=A and capacitor
CF ¼ AL=Bf. The Helmholtz resonator mass
MH¼ qf� l� a and stiffness KH¼Bfa

2=ðAH � lHÞ are
represented by suitable inductor and capacitor, respec-
tively (Rossing, 2007).

From the circuit presented in Figure 2, the effective
bulk modulus for the cavity can be calculated by con-
sidering volumetric rate of change of the acoustic cavity,
which is ideally represented by the loops with Q and Q1.
Hence, the rate of change in the acoustic pressure is
given as:

_P ¼ �Be
Q�QH

2AL
, ð1Þ

where Be is the effective bulk modulus and QH is the
acoustic volume flow rate in the Helmholtz resonator
domain.

To calculate the effective bulk modulus for the cavity
system Be, the electrical impedance of the second half of
the cavity Z2 and that of the Helmholtz resonator ZH

are coupled with the electric circuit representing the first
half of the cavity as follows:

Z2 ¼
�fLs

A
þ

Bf

ALs
¼

1

ALs
Bf þ �fL

2s2
� �

, ð2Þ

ZH ¼
1

a2s
KH þMHs

2
� �

: ð3Þ

Hence, the total impedance of the system is calculated
as:

Zt ¼
Z2ZHZCF

Z2ZH þ ZHZCF þ ZCFZ2
þ ZLF, ð4Þ
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with

ZCF ¼
1

CFs
, ZLF ¼ LFs ¼

BfLs

Ac2f
, ð5Þ

where cf is the nominal speed of sound in the acoustic
cavity.
Substituting Equations (2), (3), and (5) into Equation

(4), yields:

Zt ¼

1

a2A2L2s3
Bf KH þMHs

2
� �

Bf þ �fL
2s2

� �� �
1

a2A2L2s2

Bf Bf þ �fL
2s2

� �
a2 þ B KH þMHs

2
� �

ALþ KH þMHs
2

� �
Bf þ �fL

2s2
� �

AL

" #

þ
BfLs

Ac2f
: ð6Þ

As cf ¼
ffiffiffiffiffiffiffiffiffiffiffi
Bf=�f

p
, then Equation (6) reduces to:

Zt ¼

B2
f KH þMHs

2
� �

1þ L2s2

c2
f

� �	 


s

B2
f 1þ L2s2

c2
f

� �
a2 þ Bf KH þMHs

2
� �

ALþ Bf KH þMHs
2

� �
1þ L2s2

c2
f

� �
AL

2
664

3
775
þ
BfLs

Ac2f
:

ð7Þ

Since we are assuming that the spatial parameters of
the encountered cavities must be very small compared to
the acoustic wavelength, ðL2s2=c2f Þ � 1, Equation (7)
reduces to:

Zt¼
Bf KHþMHs

2
� �� �

s Bfa2þ KHþMHs2ð ÞALþ KHþMHs2ð ÞAL
� �þ Ls

Ac2f
:

ð8Þ

1st half of the cavity 

2nd half 
of the cavity 

Helmholtz 
resonator

2MH a

LF

rfL

A
=

CF

AL

Bf
=

CF

AL

Bf
=

LF

rfL

A
=

a2/KH

Q

Q1

QH

Q

N1

DP 3

Figure 2. Electrical circuit analogy of an acoustic cavity coupled with a Helmholtz resonator.

Helmholtz 
resonator

Flow rate (Q)

Pressure drop (DP)

Length (2×L), Area (A), Density = 
rf

l

Area=a

Volume
(AH×lH)

Flow rate (Q)

Pressure drop (DP)

Length (L),
Area (A),

Density = rf

Length (L),
Area (A),
Density = rf

(a) (b)

Figure 1. Helmholtz resonator coupled to an acoustic cavity: (a) single main acoustic cavity, (b) cavity divided in two equal sections.
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Hence, the acoustic volume flow rate in the acoustic
cavity with the Helmholtz resonator is defined as:

Q ¼
P

Zt
: ð9Þ

The pressure at node N1, shown in Figure 2, is calcu-
lated as:

P1 ¼ P 1�
ZLF

Zt

� �
: ð10Þ

Since the acoustic cavity is defined by the regions
shown in Figure 1(b) without the Helmholtz resonator,
then the volume flow rate within the cavity domain is
defined as:

Q�QH ¼ P
ZH � Zt þ ZLF

ZtZH

� �
: ð11Þ

From Equations (1) and (11), Be is calculated as:

Be ¼ Bf 1þ
2L2s2

c2f
þ

a2LBfs
2

c2f AðKH þMHs2Þ

 ! !
: ð12Þ

Note that the above for the effective bulk modulus is
calculated without adding any damping in the system.
When damping due to dissipative losses in the
Helmholtz resonator is added, the frequency-dependent
effective bulk modulus is shown in Figure 3. The dis-
played response is in agreement with the results reported
by Fang et al. (2006).

ACTIVE HELMHOLTZ RESONATOR

As seen from Equation (12), the effective bulk mod-
ulus for the acoustic cavity depends on the Helmholtz
resonator parameters. Therefore, controlling these
parameters will affect the effective bulk modulus
for the acoustic cavity to yield any prescribed value.
The control of the Helmholtz resonator takes place
by coupling the resonator cavity with a piezoelectric
diaphragm as shown in Figure 4. Applying external
voltage to the diaphragm will change its effective
stiffness and accordingly the overall or effective
bulk modulus of the acoustic cavity/resonator
system. The analogous electrical circuit for the cavity
coupled with the active Helmholtz resonator is shown
in Figure 5.

Piezoelectric Equations

Consider the Helmholtz resonator with piezoelectric
diaphragm shown in Figure 6.

The basic constitutive equation for a piezoelectric
material is given by:

S
D

� �
¼

sE d
d "

	 

T
E

� �
, ð13Þ

where S¼ strain, D¼ electrical displacement, T¼ stress,
E¼ electrical field, sE¼ compliance, d¼ piezoelectric
strain coefficient, and e¼permittivity. Equation (13)
can be rewritten as:

�Vol
q

� �
¼

CD dA
dA 1



Zps

	 

�Pp

Vp

� �
; ð14Þ

where �Vol¼ change in diaphragm volume, q¼ electri-
cal charge, �Pp¼ pressure across piezo-diaphragm, and
Vp¼ voltage. Also, CD¼ diaphragm compliance¼
A2

H=KD, KD¼ diaphragm stiffness and ZP¼

impedance of piezo-diaphragm and attached elements
given by:

Zp ¼
LPs

1þ LP
CPCs

CP þ Cs

� �
s2
, ð15Þ

where CP¼ capacitance of piezo-diaphragm¼AH"=lp
with AH¼diaphragm area, lp¼ diaphragm thickness.
Also, LP denotes a shunted inductance in-parallel with
the piezo-diaphragm, and Cs denotes a capacitance
in-series with the piezo-diaphragm.

The electric circuit analogous to the resonator cavity
coupled with a piezoelectric diaphragm is as shown in
Figure 7.

Using the piezo-diaphragm as a self-sensing actuator,
then the second row of Equation (14) gives, for a
short-circuit piezo-sensor, the following expression:

q ¼ dA�Pp: ð16Þ

0 1 2 3 4 5

× 105

–5

0

5

10

E
ffe

ct
iv

e 
b

ul
k 

m
od

ul
us

 (G
P

a)

Frequency (Hz)

Figure 3. Frequency-dependent effective bulk modulus.
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Then, the voltage Vp applied to the piezo-diaphragm
can be generated by a direct feedback of the charge q
such that:

Vp ¼ �G dA�Pp, ð17Þ

where G¼ feedback gain.
Then, the first row of Equation (14) yields:

�Vol ¼ CD � d2AG
� �

�Pp ¼ CDC�Pp, ð18Þ

where CDC¼ closed-loop compliance of piezo-diaphragm.

1st half of the cavity 

2nd half of the cavity 

Helmholtz resonator 
cavity

Piezoelectric diaphragm

=

=

2
H

MD

KDC

A

2
HA

ZP′ =ZPf 2

2
HM

a

LF

rfL

A

=LF

rfL

A

CF Bf

AL

=CF Bf

AL

a2

Q

Q1

QH

N1

DP

KH

Figure 5. Electrical circuit analogous to a cavity coupled with an active Helmholtz resonator.

Piezo-diaphragm

Pressure drop (DP) Pressure drop (DP)

Helmholtz 
resonator

Flow rate (Q)

Length (2×L), Area (A), Density = rf

l

Area=a

Volume
(AH×lH)

Flow rate (Q)

Length (L),
Area (A),

Density = rf

Length (L),
Area (A),
Density = rf

Figure 4. Acoustic cavity coupled with active Helmholtz resonator.

Piezoelectric 
diaphragm  

Acoustic cavity  
(rf, Bf, cf, lf)

Q

lplH

l

aDP

Figure 6. Helmholtz resonator coupled with a piezoelectric
diaphragm.
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Hence, the circuit in Figure 7 is reduced to that shown
in Figure 8.

Basic Electrical-Acoustic Equations

To calculate the effective bulk modulus Be for the
cavity system, the electrical impedance of the second
half of the cavity Z2 and that of the active Helmholtz
resonator ZH are coupled with the electric circuit repre-
senting the first half of the cavity as follows:

Z2 ¼ ZCF þ ZLF, ð19Þ

ZH ¼
ZLD þ ZCDC þ Z0P
� �

ZCH

ZLD þ ZCDC þ Z0P þ ZCH
þ ZLH, ð20Þ

where

ZCF ¼
1

CFs
¼

Bf

ALs
, ð21aÞ

ZLF ¼ LFs ¼
�fLs

A
, ð21bÞ

ZCH ¼
KH

a2Hs
, ð21cÞ

ZLH ¼
MDs

a2H
, ð21dÞ

ZCDC ¼
KDC

A2
Hs

, ð21eÞ

ZLD ¼
MDs

A2
H

, ð21fÞ

Z0P ¼ ZP�
2 ¼

LPs

1þ LP
CPCs

CPþCs

� �
s2
�2, ð21gÞ

where, � is the volt/pressure conversion factor for the
piezoelectric diaphragm.

Fluid domain Piezoelectric diaphragm

Mechanical domain Electrical domain

=
MHLH
a2

Q

Q1

Q2

=
a2

CH
KH

=
MDLD
A2

H

A2
H=CD KD φ:1

ZpDP

Figure 7. Electrical analog for the Helmholtz resonator coupled with open-loop piezoelectric diaphragm.

Zpf2

=
MH

LH
LD

CH

KD

KH

KDC

MD CDC –GdA
2

a2

a2

=

=
A2

H

A2
H A2

H
= =

Q

Q1

Q2

DP

Figure 8. Electrical analog for an acoustic fluid domain coupled with closed-loop piezoelectric diaphragm.
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Substituting the identities defined in Equations (21)
into (19) and (20) results in:

Z2 ¼
1

ALs
Bf þ �fL

2s2
� �

, ð22Þ

ZH ¼
MHs

a2
þ

KH KDC þ sðMDsþ A2
HZ
0
PÞ

� �
s A2

HKH þ a2 KDC þ s MDsþ A2
HZ
0
P

� �� �� � :
ð23Þ

Therefore and taking advantage of long wavelength
assumption, the total impedance of the system is calcu-
lated as:

Zt ¼
Z2ZHZCF

Z2 � ZCF þ ZH � ZCF þ Z2 � ZH

þ ZLF ¼
MHs

a2
þ

C1

C2 þ C3 þ C4
, ð24Þ

Zt¼
BfLs

Ac2f

þ

Bfc
2
f

A2
HKHMHs

2þa2 KHþMHs
2

� �
KDCþMDs

2þA2
HsZ

0
P

� �
 !

s
AA2

HKHLMHs
22c2f þa2c2f KDCþMDs

2þA2
HsZ

0
P

� �
a2Bfþ2AL KHþMHs

2
� �� �

þa2A2
HBfKHc

2
f

 ! :

ð25Þ

Following Equations (9)�(11), utilizing the definition
for the effective bulk modulus in (1) and the long wave-
length assumption, Be is given as:

Be ¼ 2ALs
ZtZH

ZH � Zt þ ZLF

� �
, ð26Þ

Be¼Bf 1þ
BfLa

2s2 KDCþMDs2þA2
HsZ

0
P

� �
a2þKHA

2
H

� �
Ac2f

A2
HKHMHs

2þa2 KHþMHs
2

� �
KDCþMDs2þA2

HsZ
0
P

� �� �
2
664

3
775:
ð27Þ

PROGRAMMABLE EFFECTIVE BULK MODULUS

In order to maintain a prescribed effective bulk mod-
ulus Be for the cavity over a wide frequency range, the
stiffness of the piezoelectric diaphragm has to be con-
trolled. Taking advantage of the long wavelength
assumption and defining Br¼Be/Bf, solving Equation
(27) for KDC, results in:

KDC ¼

AA2
H Br � 1ð Þc2f KHMHs

2 þ MDs
2 þ A2

HsZ
0
P

� �
� a2A Br � 1ð Þc2f KH þMHs

2
� �

� a4BfLs
2

� �
�a2BfKHLA

2
Hs

2

0
B@

1
CA

a2 a2BfLs2 � A Br � 1ð Þc2f KH þMHs2ð Þ

� � :

ð28Þ

The gain (G) for the piezoelectric controller is calcu-
lated from Equation (18) such that:

G ¼
1

d2A
CD �

A2
H

KDC

� �
¼

A2
H

d2A

1

KD
�

1

KDC

� �
: ð29Þ

Figure 9(a)�(c) shows the resultant relative bulk modu-
lus, piezo-diaphragm stiffness, and the control voltage and
forBr¼ 20, respectively. Figure 9(d) shows the uncontrolled
relative bulk modulus for the same cavity configuration.

ERROR ANALYSIS

By increasing the acoustic frequency, the effect of the
terms encountering L2s2=c2f starts to become significant,
especially for small prescribed effective bulk modulus
Be. Therefore, if one is applying those approximations,
one should be aware of the encountered approximation
errors. The frequency-dependent effective bulk modulus
for a cavity length of 1 cm using exact formulation and
with long wavelength assumption approximation is
shown in Figure 10.

The approximations adopted in calculating the
closed-loop piezoelectric stiffness KDC or compliance
CDC that would yield a prescribed value for the effective
bulk modulus for the main acoustic cavity Be suffers
significantly at higher frequencies and for small values
of Be. Results for approximate and exact models for a
cavity of 1 cm length are compared and the percentage
error are illustrated in Figures 11 and 12 for prescribed
values of Br of 20 and 0.04, respectively. In Figure 13,
the same comparison is conducted for a cavity length of
2mm and a value of Br of 0.04.

MULTI-CAVITIES COUPLED WITH ACTIVE

HELMHOLTZ RESONATORS

In this section, the performance of multi-cell acoustic
metamaterial as shown in Figure 14 is considered. Each
cell consists of a single acoustic cavity coupled with a
single active Helmholtz resonator. The coupling between
the adjacent cells must be taken into consideration, as the
effect of changing the bulk modulus Be for each cell
would certainly affect the neighboring cells and its neigh-
boring fluid cavities. The electrical analogous circuit for
the system of N cells is illustrated in Figure 15.

In the system ofN cascading acoustic cells, the last cell
represents the cell subject to external pressure excitation,
while the first one is the end of the chain of the cascading
cells. Due to the coupling nature of the cells, a recursive
solution pattern has to be adopted in order to calculate
the different stiffness values of the piezoelectric dia-
phragms KDCi needed to ensure a prescribed set of effec-
tive bulk’s moduli within the cascading coupled cells.

The recursive approach starts with the first cell, which
is coupled from one side only to the rest of the cells.
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Figure 9. Comparison between controlled and uncontrolled effective cavity bulk modulus for Br¼20: (a) resultant relative bulk modulus,
(b) resultant piezo-diaphragm stiffness, (c) control voltage, (d) uncontrolled relative bulk modulus.
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Using the electrical analogy, the overall impedance Z1 of
this cell can be calculated as a function of the piezo-
electric stiffness KDC1 and the required effective bulk
modulus Be1 as given by Equations (25)�(28). Once cal-
culated, this impedance is shunted to the circuit repre-
senting the rest of the chain. Hence the second cell,
loaded with the impedance of the first cell, is now the
end of the chain of cells, and is coupled to the rest of the
cells from one side only. Again using the electrical anal-
ogy, the overall impedance Z2 of the first two cells can
be calculated as a function of the piezoelectric dia-
phragm stiffness KDC2 and the required effective bulk
modulus Be2. Following the same logic, the different
stiffness values of the piezoelectric diaphragms KDCi

for the different cells that would yield the prescribed
set of effective bulk’s moduli can be obtained.
The electrical impedance of the first cell is calculated

as in Equation (25), hence given by:

Z1¼
ZLFþZCFð ÞZH1ZCF

ZLFþZCFð Þ�ZCFþZH1�ZCFþ ZLFþZCFð Þ�ZH1

þZLF: ð30Þ

The electrical impedance of the i-th cell is hence
given as:

Zi ¼

Zi�1�ZCF

Zi�1�ZCF
þ ZLF

� �
ZHiZCF

Zi�1�ZCF

Zi�1�ZCF
þ ZLF

� �
� ZCF þ ZHi

þ ZLF

� ZCF þ
Zi�1 � ZCF

Zi�1 � ZCF
þ ZLF

� �
� ZHi: ð31Þ

Following the same procedure as in (1) to (10), the
effective bulk modulus Bei for the i-th cell is hence given
as:

Bei ¼ �
sPi � ð2� L� A� iÞ

Qi �QHi
, ð32Þ

where Pi is the acoustic pressure at the entrance of the
i-th cell, Qi is the total acoustic volume flow rate in the
whole i-th cell, QHi is the acoustic volume flow rate in
the flush-mounted panel in the i-th cell. Again, let
Bri¼Bei/Bf, then the value of the gain Gi is calculated
from Equation (29) as:

Gi ¼
1

d2A
CD �

A2
H

KDCi

� �
¼

A2
H

d2A

1

KD
�

1

KDCi

� �
: ð33Þ

Figure 16 presents a flow chart for the recursive pro-
cess to calculate the values of KDCi that would yield a set
of prescribed values of Bei.

Consider now an active acoustic metamaterial
with characteristics as listed in Table 1. The metamater-
ial consists of eight cells. Four of these cells are pro-
grammed to generate material A with increasing
density distribution while the remaining four are pro-
grammed to generate material B with decreasing density
as shown in Figure 17. Figures 18�20 show the relative
bulk modulus, the control voltage, and the stiffness of
the piezoelectric diaphragms for the 8-cell system,
respectively.
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Figure 15. Analogous electric circuit for the set of N cascading and coupled cells.
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Figure 14. A schematic for a set of N cascading and coupled cells.
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STABILITY FOR THE PIEZOELECTRIC

DIAPHRAGM

In order to yield the prescribed effective bulk modulus
for the cavity/resonators system, the stiffness of
the piezoelectric diaphragm is tuned using a charge feed-
back control algorithm. This in turn changes the effec-
tive electromechanical stiffness of the piezoelectric
diaphragm. For certain values of prescribed effective
bulk modulus, the feedback control algorithm would
result in an unstable mechanical system requiring a
zero or even negative electromechanical stiffness of the
piezo-element. In order to overcome this limitation a
coupled inductor-in-parallel and a capacitor-in-series
are connected to the piezoelectric diaphragm adding
extra stiffness. The values for this set of capacitor-
inductor are optimized to yield the required perfor-
mance without crossing the stability boundary for the
piezo-diaphragm. Hence, an integrated part of the ana-
lysis is to define the frequency stability margins for the
system as a function of the capacitance and inductance
coupled to the piezo-element. Another advantage of
using the inductor-capacitor set is to reduce the control
voltage needed to achieve the targeted effective bulk
modulus of the acoustic cavity. This, however, is at the
expense of the controller sensitivity towards different

values of targeted effective bulk’s moduli. To reach
this objective, the equation describing the frequency-
dependent stiffness of the piezoelectric diaphragm as a
function of the capacitance and inductance, is equated
to zero to yield the critical frequencies and define the
legitimate frequency bands to operate within.

Starting from Equation (30) and substituting for
Z0P ¼ ðLPs=1þ LPC

0
Ps

2Þ�2 ands ¼ i
ffiffiffi
l
p

, where l¼x2

Reduce circuit of cell I 

Bei I= I+1

Solve Zi (Bei ) for KDCiGi

Zi (Gi ,Bei )

KDC

KDC

Calculate ZHi

Calculate ZHi

Calculate Zi

Calculate Zi

Load Zi (Bpi ,Bei ) with Zi –1

Gi Solve Zi (Bei ) for KDCi

Bei I=1

Figure 16. Flowchart of the recursive algorithm.

Table 1. Parameters of acoustic cavity/
piezo-diaphragm system.

Parameter Value

� 138.3 (Pa/V)
BD 200 (GPa)
qD 7800 (kg/m3)
CP 21.155 (nF)
L 0.005 (m)
lH 0.0025 (m)
lp 0.00083 (m)
l 0.00125 (m)
a 1.56�10�6 (m2)
A 25�10�6 (m2)
AH 11.1�10�6 (m2)
dA �170�10�12

�AH (m3/V)
qf 1000 (kg/m3)
Bf 2.25�109 (Pa)
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(angular frequency of the excitation pressure) and C0P is
the effective capacitance of both the piezo-element and
the added capacitor, KDC is given as:

KDC¼

AA2
H 1�Brð Þc2f KHMHl

2
þ �MDl

2
þ iA2

HlZ
0
P

� �
� a2A Br�1ð Þc2f KH�MHl

2
� �

þa4BfLl
2

� �
þa2BfKHLA

2
Hl

2

0
BB@

1
CCA

a2 �a2BfLl
2
�A Br�1ð Þc2f KH�MHl

2
� �� � :

ð34Þ

Solving (34) for l, yields two values at which the stiff-
ness of the piezo-diaphragm becomes zero (l1 and l2). l1
and l2 are theoretically frequencies that we need to
avoid in order to eliminate the possibility of unstable
behavior for the piezo-diaphragm. However, from
Equation (31) a resonance state occurs at:

lR ¼
1

C0PLP
, ð35Þ

which may limit the effective stability bandwidth if it
lies below l1. In order to design a proper system, the

Figure 18. Relative effective bulk modulus for the eight-cell system.

102

101

100

1 2 3 4 5 6 7 8Cell # :

10–1

10–2

R
el

at
iv

e 
de

ns
ity

Br (1) = 20

Br (3) = 12

Br (2) = 0.04

Br (4) = 0.07

Br (6) = 0.15

Br (8) = 0.35

Br (5) = 7
Br (7) = 5

Figure 17. Relative effective bulk modulus distribution for 8 cascading coupled cells.
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Figure 19. Control voltage for the eight-cell system.
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minimum of the three frequencies must be larger than
the maximum required excitation frequency.
Figure 21(a) and (b) illustrate the effect of changing the
inductance-in-parallel on the stability range and on the
control voltage needed. Figure 22(a) and (b) illustrate
the same effect for different values of the capacitan-
ce-in-series. In both cases, a bulk modulus of Br¼ 20 is
targeted.
As seen in Figures 21 and 22, increasing the induc-

tance value would increase the stability region, but at the
expense of the control voltage needed to achieve the
desired effective bulk modulus. On the other hand,
increasing the capacitance-in-series would lower the
upper cut-off frequency of the stability range at the
expense of the lower cut-off frequency producing a
shift in the instability range towards the lower frequency
zone, while maintaining the control voltage to moderate
values.

CONCLUSIONS

This article has presented a new class of 1D acoustic
metamaterials with programmable bulk modulus. The
active metamaterials are shown theoretically to be tun-
able to have increasing or decreasing bulk modulus dis-
tributions along the material.

The theoretical analysis of this class of active acous-
tic metamaterials is presented for an array of cells con-
sisting of water cavities coupled with flexible
Helmholtz resonators that have piezoelectric boundaries.
Various control strategies are considered to achieve dif-
ferent spectral and spatial control of the bulk modulus of
this class of acoustic metamaterials. The theory presented
is based on the lumped-parameter approach and the
developed model is applied first to a single cell as well
as arrangement of multi-cells. The presented results
emphasize the potential of the active metamaterials for
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physically generating a wide range of effective bulk’s
moduli in a simple and uniform manner.
Stability margins for the piezoelectric diaphragms are

also investigated to outline the range of safe operation of
the metamaterial. Furthermore, the effect of the design
parameters of the metamaterial on the effective band-
width is investigated.
Combining the tunable density and bulk modulus

capabilities, will enable the physically realization of
practical acoustic cloaks and objects treated with these
active metamaterials can become acoustically invisible.
Extension of the 1D acoustic metamaterials with tunable
bulk modulus to 2D metamaterials is a natural extension
of the present work.
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